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I. INTRODUCTION
The experimental status of general relativity (GR), re-
garding the solar system tests [1] and the detection of
signals consistent with the merge of two black holes by
the LIGO Collaboration [2], has settled it as the most
successful theory of gravity. However, the difficulties in
finding explanations for the so-called dark sector of the
Universe have driven the community to think that GR is
not the ultimate gravitational theory.
The dark sector of the Universe is composed by two
kinds of degrees of freedom. On the one hand, the grav-
itational lensing produced by the local distribution of
energy suggests the presence of an exotic form of mat-
ter unseen by the current light-based telescopes [3]. It
is thus named dark matter and it would interact mostly
(if not only) through gravity. Such an abundance at the
galactic scale is compatible with the velocity profile of
stars at its outer regions [4]. At the cosmic scale, it plays
a key role in the origin and evolution of structures (see,
for instance Ref. [5]). On the other hand, the experimen-
tal data obtained from type Ia supernovae observations,
indicates that our Universe is passing through a phase
of accelerated expansion [6]. This behavior suggests the
existence of an exotic form of energy, called dark energy,
which constitutes roughly 70% of the current content of
our Universe.
The shortcomings of GR on describing these phenom-
ena are the main motivation to look for new gravita-
tional degrees of freedom. Among the possible exten-
sions, higher-dimensional models could shed some light
on the nature of these new degrees of freedom. For in-
stance, as was shown in the early works of Kaluza and
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Klein, the existence of an extra dimension within the
GR framework would give rise to a unified picture of
gravity and electromagnetism, along with a spectrum of
new heavy particles [7]. This idea opened the possibil-
ity of a novel geometrical understanding of interactions,
where the gauge group arises as a consequence of the
topology of the spatial compact manifold in a higher-
dimensional spacetime. The idea of higher dimensions
comes naturally in diverse physical models, for example:
supersymmetry and supergravity [8], string theory [9],
novel proposals by Arkani-Hammed et al. [10], and mod-
els from Randall and Sundrum [11], as attempts to solve
the hierarchy problem.
In four dimensions, the Einstein-Hilbert action with a
cosmological constant is the most general theory which
leads to second-order field equations for the metric. In
higher dimensions, however, particular combinations of
higher-order terms in the curvature can be added to
the gravitational action, whose variation with respect
to the metric also yields to second-order field equations.
The most general theory in arbitrary dimensions, which
preserves this feature of the four-dimensional Einstein-
Hilbert action, is called the Lanczos-Lovelock action [12].
Such a theory has no ghosts [13] and has the same de-
grees of freedom as the Einstein-Hilbert Lagrangian in
arbitrary dimensions [14]. It is worth mentioning that
in the Palatini approach, where the metric and the con-
nection are considered as independent fields, there are
families of Lagrangians which yield to second-order field
equations, and do not possess ghosts [15].
The simplest possible extra term in the Lanczos–
Lovelock action is a quadratic construction of curvatures,
called the Gauss-Bonnet term, which reads
LGB = d
Nx
√−g
(
R˜2 − 4R˜µνR˜µν + R˜αβµνR˜αβµν
)
,
(1)
where R˜αβµν is the Riemannian curvature of a manifold
with metric gµν and g its determinant. R˜µν and R˜ are
the Ricci tensor and Ricci scalar, respectively. In four di-
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2mensions, the Gauss-Bonnet term adds no dynamics to
the metric, since it represents a topological invariant pro-
portional to the Euler characteristic class, which can be
written locally as a boundary term. Nevertheless, it has
been shown that this term can be relevant for conserved
charges considerations in spacetimes with a local AdS
asymptotic [16]. Moreover, as it was reported in Ref. [17],
the inclusion of topological invariants of the Euler class
is equivalent to the program of holographic renormaliza-
tion in the context of AdS/CFT. In dimensions higher
than four it contributes to the field equations, and it was
also identified as the low-energy correction for a spin-two
field in string theory [18].
The Riemannian five-dimensional Lanczos-Lovelock
theory has been widely studied in the literature. For
instance, exact wormhole solutions which violate no en-
ergy conditions have been found in vacuum [19], and cou-
pled with matter fields satisfying the weak energy condi-
tions [20]. In higher-order Lanczos-Lovelock models, this
class of exact solutions have been reported in [21] and in
the compactified theory with torsion [22]. Additionally,
the compactification of higher Lanczos-Lovelock terms
has been considered in Ref. [23] and their cosmology in
Refs. [24–26]. It is worth mentioning that classically, in
GR, wormholes must be supported by a kind of energy
compatible with the cosmological hypothesis. Their ex-
istence in these extended models implies the presence of
degrees of freedom that could provide an explanation for
the exotic matter/energy abundance in the Universe.
On the other hand, it is well known that GR assume
the torsion-free condition a priori. However, as Cartan
first considered, it is possible to take metricity and paral-
lelism as truly independent concepts [27]. Such kinds of
geometry are known as Riemann–Cartan geometries and
offer the natural framework for Poincare´ gauge theories,
where the torsion appears as the field strength of trans-
lations, sourced by the spin current [28–30]. Moreover,
the vacuum predictions of its simplest formulation—the
Einstein-Cartan theory—holds the experimental tests of
GR. In the same spirit of the Gauss–Bonnet extension
of GR, the quadratic corrections in curvature and tor-
sion to Einstein–Cartan have been considered, see, for
example Refs. [31, 32]. The cosmological consequences
of non-Riemannian geometries has been widely studied
in the literature (for a review, see Ref. [33]).
In the framework of the Kaluza-Klein theories in
higher-dimensional Riemann-Cartan geometries, phe-
nomenology of the extradimensional torsion was found
in Ref. [34], and metric-dependent torsion in extra di-
mensions was studied in [35], along with its conse-
quences in cosmology [36]. The compatification of higher-
dimensional Brans-Dicke models with torsion was consid-
ered in Ref. [37]. Torsion-free black-hole solutions were
found in [38], for first-order compactified gravity.
The extension of the Lanczos-Lovelock theories with
nonvanishing torsion is known as Lovelock-Cartan the-
ory [39]. In that framework, we present a new class
of cosmological solutions in five dimensions, where the
compact dimension is S1. The theory admits a non-
vanishing torsion in vacuum due to the presence of the
Gauss-Bonnet term, in contrast to the five-dimensional
Einstein-Cartan theory. The new degrees of freedom
coming from the higher-dimensional geometry generate
an induced energy-momentum form in the reduced the-
ory. In some cases, the solutions avoid the appearance of
initial singularities and drive the accelerated expansion
of the Universe, while the radius of the compact manifold
goes to zero.
This work is organized as follows. In Sec. II we review
the Kaluza-Klein (KK) geometry in the first-order for-
malism and fix our notation and conventions. In Sec. III,
we study the dynamics of the general Lovelock-Cartan ac-
tion in a five-dimensional spacetime and its dimensional
reduction. In Sec. IV, we look for cosmological solutions
of the Friedmann-Robertson-Walker class with nontriv-
ial torsion. Conclusions and remarks are given in Sec. V.
We also incorporate a number of appendices to make this
work a self-contained article.
II. KALUZA-KLEIN GEOMETRY IN
RIEMANN-CARTAN SPACETIMES
In the following we will consider MN to be a N -
dimensional differential manifold. Every quantity de-
fined on MN will be denoted by hats xˆ. Capital
greek characters (coordinate indices) and capital latin
characters (Lorentz indices) run over the N dimen-
sions, i.e., A = 0, ..., N − 2, N , while the lowercase ones
run in the (N − 1)-dimensional reduced manifold, i.e.,
a = 0, ..., N − 2.
The differential structure of MN is determined by two
fields. The spin connection 1-form, ωˆAB = ωˆABΓ dxˆ
Γ,
describes the affine structure of the N -dimensional man-
ifold and the vielbein 1-form, eˆA = eˆAΓ dxˆ
Γ, defines the
metric structure of the same manifold through the re-
lation gˆΓ∆ = eˆ
A
Γeˆ
B
∆ηˆAB , where gˆΓ∆ is the spacetime
metric, while ηˆAB = diag(−,+, ...,+) is the Minkowski
metric. The vielbein maps coordinate into Lorentz in-
dices. In our convention, the Levi-Civita symbol is such
that ˆ01...(N−2)N = 1 and the reduced symbol is defined
by fixing the last index, i. e.
ˆa1···aN−1N ≡ a1···aN−1 .
Additionally, all the Riemannian fields (torsion free) will
be made explicit by a tilde, as it was done in Eq. (1) for
the curvature.
Because of the topology of the manifold, we can expand
the dependence of the fields on the extra coordinate, z,
in a Fourier series as
%ˆ(xˆΓ) =
∑
n
%(n)(x)e
inz, (2)
where x denotes the coordinates of the (N−1)-manifold,
collectively. Henceforth, we will focus on the n = 0 mode
of the expansion, also referred to as the low-energy sector.
3A. Metric and affine structure
The KK ansatz for the metric lies in the premise that
the compact dimension of MN is orthogonal to the rest
of the manifold at each point. This leads to the following
metric structure:
gˆΓ∆ =
(
gγδ +
gˆγz gˆδz
gˆzz
gˆγz
gˆzδ gˆzz
)
=
(
gγδ + φAγAδ φAγ
φAδ φ
)
(3)
and its inverse,
gˆΓ∆ =
(
gγδ −Aγ
−Aδ φ−1 +A2
)
, (4)
defined such that gˆΓ∆gˆ
∆Λ = δΛΓ . This metric introduces
a scalar field φ and a vector field Aµ as new gravitational
degrees of freedom. The vielbein that holds this structure
for the metric has the following form:
eˆAΓ =
(
eˆaγ 0
eˆNγ eˆ
N
z
)
=
(
eaγ 0√
φAγ
√
φ
)
, (5)
and its inverse, EˆA
Γ, defined such that EˆA
ΓeˆA∆ = δ
Γ
∆
and EˆA
ΓeˆBΓ = δ
B
A , reads
EˆA
Γ =
(
Eˆa
γ 0
Eˆa
z EˆN
z
)
=
(
Ea
γ 0
−Aa
√
φ
−1
)
, (6)
where Aa = Ea
µAµ. This shows that the compact man-
ifold S1 has its own tangent space, TpS
1, at each point
p ∈MN , and is independent of TpMN−1 in the sense that
they do not mix.
The vielbeins are defined modulo Lorentz transforma-
tions. Any transformed basis eˆ′A = ΛˆAB eˆB , where Λˆ is a
Lorentz matrix, is as suitable as eˆA, and therefore shares
the structure of Eq. (5). The Lorentz transformations
are then constrained by ΛˆaN = 0.
A Riemannian connection compatible with the
N -dimensional vielbein (5), is built under the premise
that deˆA + ˆ˜ωAB ∧ eˆB = 0. Thus, we find
ˆ˜ωab = ω˜ab − 1
2
√
φF abeˆN ,
ˆ˜ωNa =
1
2
√
φF ale
l +
1
2
∂a lnφeˆN ,
(7)
where ω˜ab is the Riemannian spin connection of the re-
duced manifold and Fab are the components of the field
strength of A = Am e
m, defined by
F = dA =
1
2
Fab e
a ∧ eb. (8)
The construction of the five-dimensional Einstein-Hilbert
action by means of the spin connection (7) leads to the
original KK theory.
In a Riemann-Cartan geometry, MN is not entirely de-
scribed by ˆ˜ωAB , but by a more general spin connection
independent of the metric degrees of freedom (see Ap-
pendix A for details). We can assume a general connec-
tion 1-form of the same type (regarding its MN−1 × S1
decomposition) as in Eq. (7). Thus, the most general
spin connection on MN compatible with the KK decom-
position is given by
ωˆAB ≡
(
ωab + αabeˆN βa + γaeˆN
−βb − γbeˆN 0
)
. (9)
The decomposition in Eq. (9) adds new metric-
independent fields. The 0-form αab is an antisymmetric
tensor of spin-1. The 1-form βa = βaµ dx
µ generically
adds a spin-2 field, a spin-1 field and a spin-0 field. The
last piece, γa, is a vector 0-form of spin-1.
B. Curvature and torsion
The N -dimensional Lorentz curvature and torsion are
given by the Cartan structure equations
RˆAB = dωˆAB + ωˆAC ∧ ωˆCB =
1
2
RˆABCD eˆ
C ∧ eˆD, (10)
TˆA = deˆA + ωˆAB ∧ eˆB =
1
2
TˆABC eˆ
B ∧ eˆC . (11)
Using the definition of curvature in Eq. (10), with the
KK ansatz for the spin connection (9), we find
Rˆab = Rab +
√
φαabF − βa ∧ βb
+
(
Dαab +
1
2
αabd lnφ− 2β[aγb]
)
∧ eˆN , (12)
RˆNa = −
(
Dβa +
√
φγaF
)
+
(
αabβ
b −Dγa − 1
2
γad lnφ
)
∧ eˆN , (13)
where R = dω + ω ∧ ω is the curvature of the reduced
spacetime MN−1. Similarly from the definition of torsion
in Eq. (11), we find its distinctive parts to be1
Tˆ a = T a +
(
βa − αa beb
) ∧ eˆN , (14)
TˆN =
√
φF − βb ∧ eb +
(
1
2
d lnφ+ γbe
b
)
∧ eˆN , (15)
where T = de+ ω ∧ e is the torsion 2-form of MN−1.
C. Bianchi identities
Considering the Bianchi identities for the KK structure
described above, we find relevant information about the
1 Henceforth we will refer to the distinctive parts concerning the
MN−1 × S1 decomposition.
4new fields. Taking the exterior covariant derivative over
the N -dimensional curvature and torsion, the Bianchi
identities are
DˆRˆAB = 0 and DˆTˆA = RˆAB ∧ eˆB . (16)
A careful decomposition of the first Bianchi identity (co-
variant derivative of the curvature above) into its distinc-
tive parts gives the Bianchi identity for the curvature of
the reduced spacetime, together with the second deriva-
tive rules
DRab = 0, DDαab = Ralα
lb +Rblα
al,
DDβa = Rabβ
b, DDγa = Rabγ
b.
(17)
This is taken as a proof of the tensorial nature of these
new fields under the four-dimensional Lorentz transfor-
mations.2 The second Bianchi identity gives its equiva-
lent for MN−1; this is
DT a = Rab ∧ eb.
III. FIVE-DIMENSIONAL LOVELOCK-CARTAN
REDUCTION
The most general theory requiring the Lagrangian
to be (i) an invariant N -form under local Lorentz
transformations, (ii) a local polynomial of the vielbein,
the Lorentz connection, and their exterior derivatives,
and (iii) constructed without the Hodge dual,3 is the
Lovelock-Cartan theory of gravity [39]. This is the nat-
ural generalization of Lanczos-Lovelock action when tor-
sional degrees of freedom are present. Its simplest realiza-
tion is the Einstein-Cartan model and their dimensional
reduction is indistinguishable from the Riemannian case
(see, for instance, [37, 38]).
In five dimensions, the Lovelock-Cartan theory is given
by the following action principle
I =
∫
M5
ˆABCDE
(α0
5
eˆA ∧ eˆB ∧ eˆC ∧ eˆD ∧ eˆE + α1
3
RˆAB ∧ eˆC ∧ eˆD ∧ eˆE + α2RˆAB ∧ RˆCD ∧ eˆE
)
, (18)
where α0, α1, and α2 are dimensionful coupling constants. Its variation with respect to the five-dimensional vielbein
and spin connection give the equations
ˆABCDE
(
α0eˆ
B ∧ eˆC ∧ eˆD ∧ eˆE + α1RˆBC ∧ eˆD ∧ eˆE + α2RˆBC ∧ RˆDE
)
= 0, (19)
ˆABCDE
(
α1eˆ
C ∧ eˆD + 2α2RˆCD
)
∧ TˆE = 0. (20)
The last term in Eq. (18) is the five-dimensional Gauss-
Bonnet term for a Lorentz curvature written in exterior
forms, which is analogous to Eq. (1) for the Riemannian
case. Exact solutions with torsion were reported in [40].
The Lovelock-Cartan theory in five dimensions allows
a unique torsional extension that is not in the Lovelock
series [39],
LT ∝ TˆA ∧ RˆAB ∧ eˆB . (21)
However, it can be written as a boundary term, adding
no dynamics to the field equations.
In this work, we will focus on the region in the param-
eter space where
∆ ≡ α21 − 4α0α2 > 0. (22)
2 The tensorial nature of these fields can be also derived from
the decomposition of the transformation rule of ωˆAB under the
Lorentz group.
3 The Hodge dual maps p-forms into (N − p)-forms through
?
(
eˆA1 ∧ ... ∧ eˆAp) = 1
(N−p)! ˆ
A1...Ap
Ap+1...AN eˆ
Ap+1 ∧ ...∧ eˆAN .
This condition place us outside the Chern-Simons point
(∆ = 0). In that particular case, the field equations (19)
and (20) are invariant under a larger gauge group (AdS5),
while the action (18) becomes the Chern-Simons form for
that group [41]. Exact solutions with torsion in Chern-
Simons gravity are given in [38, 42]. Holographic proper-
ties in the Riemannian case were studied in Ref. [43] and
also, when torsion is considered, in Ref. [44]. Addition-
ally, the case ∆ < 0 was considered in Ref. [45], and its
cosmology in Ref. [46].
In terms of the KK ansatz presented in the previous
section, the field equations can be decomposed into its
distinctive parts. Then Eq. (19) leads to
abcd
[
α0e
b ∧ ec ∧ ed + 1
2
α1
(
M bc − Lb ∧ ec) ∧ ed
− α2
(
Lb ∧M cd +Kb ∧N cd) ] = 0, (23)
abcdK
b ∧ (α1ec ∧ ed + 2α2M cd) = 0, (24)
abcd(α0e
a ∧ eb ∧ ec ∧ ed
+ α1M
ab ∧ ec ∧ ed + α2Mab ∧M cd) = 0,
(25)
abcd
(
α1N
ab ∧ ec ∧ ed + 2α2NabM cd
)
= 0, (26)
5while Eq. (20) gives
abcd
[
α1
(
ec ∧ ed ∧ Z − 2ec ∧ T d)+ 2α2(N cd ∧W
+M cd ∧ Z + 2Lc ∧ T d + 2Kc ∧ V d)
]
= 0,
(27)
abcd
[
α1e
c ∧ ed ∧W
+ 2α2
(
M cd ∧W + 2Kc ∧ T d)] = 0, (28)
abcd
(
α1e
b ∧ ec + 2α2M bc
) ∧ T d = 0, (29)
abcd
[
α1e
b ∧ ec ∧ V d
+ 2α2(M
bc ∧ V d +N bc ∧ T d)
]
= 0.
(30)
The fields Mab, Nab, La, Ka, W , V a, and Z are defined
from Eqs. (12)–(15), such that
Rˆab = Mab +Nab ∧ eˆ5, Rˆ5a = Ka + La ∧ eˆ5,
Tˆ a = T a + V a ∧ eˆ5, Tˆ 5 = W + Z ∧ eˆ5.
(31)
IV. DIMENSIONALLY REDUCED
LOVELOCK-CARTAN COSMOLOGY
A. Cosmological ansatz
In order to look for cosmological solutions, we demand
the symmetries assumed by the cosmological principle,
i.e., isotropy and homogeneity of the involved fields. This
can be achieved by imposing that the Lie derivative of
each field along the Killing vectors that generate the sym-
metries vanishes. Appendix B is devoted to the details of
how to find the general ansatz. The metric for this case
is given by a Friedmann-Robertson-Walker ansatz whose
line element reads
ds2 = −dt2 + a2(t)
(
dr2
1− kr2 + r
2dθ2 + r2 sin2 ϕdϕ2
)
,
where a(t) is the scale factor and k = +1, 0,−1 de-
termines the spatial section of the four-manifold to be
closed, flat or open, respectively. The four-dimensional
vielbein compatible with this metric reads
e0 = dt, e1 =
a(t)√
1− kr2 dr,
e2 = a(t)r dθ, e3 = a(t)r sinϕdϕ.
(32)
The scalar field is a time-dependent function,
φ = φ(t), (33)
which is interpreted as the scale factor of the compact
extra dimension.
On the other hand, the spin connection adds two func-
tions that we called ω(t) and f(t),
ω0i = ω(t) ei, (34)
ω12 = −
√
1− kr2
a(t)r
e2 − f(t) e3, (35)
ω13 = −
√
1− kr2
a(t)r
e3 + f(t) e2, (36)
ω23 = − cot θ
a(t)r
e3 − f(t) e1. (37)
The nonvanishing components of the spin connection
induced by the compact manifold are
β0 = −b(t) e0, βi = β(t) ei, (38)
γ0 = −γ(t). (39)
For this ansatz, the 1-form A = A(t)dt has vanish-
ing field strength F . Thus, without loss of generality, it
can be fixed to zero by means of an U(1) gauge transfor-
mation or, equivalently, a diffeomorphism transformation
along the z direction.
The equations of motion for the cosmological ansatz
give a system of differential equations for the time-
dependent functions defined above. Curvature and tor-
sion for this ansatz can be seen in Appendix B. We find
that the only non-Riemannian branch demands βa = 0.
Thus b(t) = β(t) = 0. Otherwise, the system is consistent
only at the Chern-Simons point, where it degenerates.
After a simple algebra, the system becomes
h
[
α1 + 2α2
(
ω2 +
k
a2
− f2
)]
+ 4α2f
(
f˙ +Hf
)
= 0,
(40)
2α0 + α1
(
ω˙ + 2ω2 +
k
a2
− f2
)
+ 2α2
(
ω˙ + ω2
)(
ω2 +
k
a2
− f2
)
= 0,
(41)
2α2
(
φ˙
2φ + γ
)
f
(
f˙ +Hf
)
+ h2 (α1 − 2α2ωγ) = 0, (42)
ω
(
φ˙
2φ
+ γ
)
+ γ˙ +
φ˙
2φ
γ − α1
2α2
= 0, (43)(
ω2 + ka2 − f2
)
(α1 − 2α2ωγ)− α1ωγ + 2α0 = 0, (44)(
ω˙ + ω2
)
(α1 − 2α2ωγ)− α1ωγ + 3α0 − α
2
1
4α2
= 0, (45)
where dot stands for the time derivative. For the sake
of simplicity, we have defined h(t) = ω(t) −H(t), where
H = a˙/a is the Hubble function.
B. Solutions
The system develops two non-Riemannian branches,
one for each value of the parameter
u± =
2α1 ±
√
6∆
4α2
, (46)
6where ∆ was given in Eq. (22).
Equations (40)–(45) are reduced to the Riemannian
system when f = h = 0 and γ = −φ˙/2φ. The details of
such a model can be seen in Refs. [25, 47–50].
Because of Eq. (46), the solutions will be valid in the
region of the parameter space where ∆ > 0. The function
ω(t) satisfies the equation
ω˙ + ω2 + u± = 0, (47)
which, for the three significantly different values of u±,
has the following solutions
ω(t) =

−√u± tan
[√
u± (t− t0)
]
, u± > 0
(t− t0)−1 , u± = 0√−u± tanh [√−u± (t− t0)] , u± < 0
(48)
where t0 is an integration constant to be fixed. We ex-
press the time dependence of the remaining fields in terms
of ω and list them explicitly in Appendix C. The solutions
read
γ(ω) =
u±
ω
, (49)
φ(ω) =
φ0 ω
2
|ω2 + u±| exp
[
∓√6∆
4α2 (ω2 + u±)
]
, (50)
a(ω) =
a0√|ω2 + u±| exp
[
±√6∆
24α2 (ω2 + u±)
]
, (51)
f2(ω) =
∣∣ω2 + u±∣∣ k
a20
exp
[
∓√6∆
12α2 (ω2 + u±)
]
+ ω2 +
3α1 ±
√
6∆
6α2
, (52)
where a0 and φ0 are integration constants.
Herein, we will consider α1 to be positive,
4 because
this parameter admits the interpretation of the Newton’s
gravitational constant. It is worth mentioning the exis-
tence of models of gravity that are free of the linear cur-
vature term. These models are referred to as pure Love-
lock gravities [51] and consider the cosmological term and
the polynomial of highest order in the curvature. Even
though the analysis that follows will consider a positive
nonzero value for α1, the solutions listed above are also
valid in the regime where α1 = 0, which constitutes the
non-Riemannian extension of pure Lovelock theories.
1. Bouncing solutions
In Fig. 1 we show the allowed region, in the α0–α2
parameter space, for u± to be positive.
4 In all the plots we normalize α1 = 1.
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FIG. 1. Allowed regions, in the α0–α2 plane, for u+ and u−
to be positive definite.
All the solutions for u± > 0 are periodic, as shown in
the behavior of the scale factor in Fig. 2. In that case, the
scale factor a(t) starts from a singular point and reaches
a future one after a time tbounce = pi/
√
u±. Depending
on the particular region on the parameter space, the scale
factor undergoes an expanding and contracting age, al-
lowing a intermediate bounce without collapsing, before
a big crunch. This is the case of the third curve in Fig. 2.
Otherwise, it expands and collapses in a simple oscilla-
tory way. Moreover, the bouncing behavior of the extra
dimension is given by the scalar field in a phase difference
of pi/2 with respect to a(t), as shown in Fig. 3.
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FIG. 2. Behavior of the scale factor, a(t), as a function of
the scaled time, τ , for u± > 0. We have normalized using the
maximum value of the scale factor, amax.
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FIG. 3. Behavior of the φ field as a function of the scaled
time, τ , for u± > 0. We have normalized using the maximum
value of the scalar field, φmax.
2. Expanding and contracting solutions
The allowed parameter space for u+ and u− to be neg-
ative is shown in Fig. 4, while the restriction u− = 0 sets
α2 =
1
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FIG. 4. Allowed regions, in the α0–α2 plane, for u+ and u−
to be negative definite.
In the regime where u± ≤ 0, there are three distinctive
conducts: (i) eternal expansion, (ii) eternal contraction,
and (iii) initial expansion followed by an eternal contrac-
tion. In all these three scenarios, the size of the extra di-
mension, modulated by the φ(t) field, is reciprocal to the
scale factor a(t) regarding their expansive/contractive
asymptotic behavior.
5 Notice that in our choice of parameters u+ cannot vanish.
The case u− = 0 has two behaviors depending on
whether α2 is positive or negative. As shown in Fig. 5, for
positive α2 the solutions fit into the third category above,
while for negative α2 the solutions expand eternally.
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FIG. 5. Distinctive behaviors of the scale factor for u− = 0.
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FIG. 6. Distinctive behavior of the φ field for u− = 0.
The φ field (see Fig. 6) grows infinitely for α2 > 0, or
asymptotically goes to zero for α2 < 0. This latter behav-
ior provides a dynamical compactification, which might
serve as a mechanism to assure—at a certain time—the
decoupling of the zeroth mode from the Kaluza-Klein
tower.
The case u± < 0 has solutions which either expand or
contract eternally, as shown in Fig. 7. The typical evo-
lution of the Universe with u+ < 0 is to grow infinitely,
while for negative u− the expansion (contraction) cor-
responds to α2 positive (negative). Figure 8 shows the
behavior of φ for this case. For all these solutions the
scale factor remains finite at t = 0, presenting no initial
singularity. It has been reported that the Gauss-Bonnet
8term can prevent the Universe from expanding from an
initial singularity [25, 48], which also applies to this case.
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FIG. 7. Different behaviors for the scale factor, as function
of the scaled time τ , for u± < 0. We have normalized using
the maximum value of the scale factor, amax, in the plotted
region.
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FIG. 8. Different behaviors for the φ field, as function of the
scaled time τ , for u± < 0. We have normalized using the
maximum value of the φ field, φmax, in the plotted region.
C. Effective energy density and pressure
Equation (23) can be written in a familiar form, by
means of (A3), as
−1
2
abcd
(
R˜bc − Λ
3
eb ∧ ec
)
ed = κG τ
eff
a , (53)
with Λ ≡ −6α0/α1, κG ≡ 2/α1, and
τ effa =
1
2abcd
[
1
2α1
(
κbl ∧ κlc + D˜κbc
)
∧ ed (54)
+
(
Dγb + 12γ
bd lnφ
) ∧ ( 12α1ec ∧ ed + α2Rcd) ],
where κab is the contorsion 1-form defined as the tor-
sional correction to the spin connection [see Eq. (A1)].
The contributions of F , αab, and βa have not been taken
into account because, for the purposes of this article, they
vanish. The left-hand side of Eq. (53) is the 3-form whose
Hodge dual yields the Einstein equations with cosmolog-
ical constant in four dimensions. We identify the right-
hand side as an energy-momentum 3-form induced by
the geometry, which behaves as a perfect fluid. It con-
tains the torsional and the higher-dimensional degrees of
freedom.
The energy density ρ and the pressure p are obtained
through the identities
τ eff0 = −
1
3!
ρ 0ijk e
i ∧ ej ∧ ek, (55)
τ effi = −
1
2
p 0ijk e
0 ∧ ej ∧ ek, (56)
giving
ρ = −3
2
α1
(
h2 − f2 + 2Hh) (57)
+ 3ωγ
[
1
2
α1 + α2
(
ω2 +
k
a2
− f2
)]
,
p = α1
[
h˙+Hh+
1
2
(
h2 − f2 + 2Hh)] (58)
− 2ωγ
[
1
2
α1 + α2 (ω˙ +Hω)
]
+
(
γ˙ +
1
2
γΦ˙
)[
1
2
α1 + α2
(
ω2 +
k
a2
− f2
)]
.
Using the solutions obtained in the previous section,
these expressions are
ρ =
3
2
α1
(
H2 +
k
a2
)
+ 3α0, (59)
p = −α1
(
H˙ +
3
2
H2 +
k
2a2
)
− 3α0, (60)
and satisfy the continuity equation ρ˙+ 3H (ρ+ p) = 0.
For u± < 0, the energy density remains finite at the
beggining. From Eqs. (59) and (60) one can see that
the induced energy density and pressure are not positive-
definite quantities. In fact, the Universe undergoes an ac-
celerating expansion phase due to the presence of torsion
and the extradimensional fields.
V. DISCUSSION AND CONCLUSIONS
In this work we have presented the dimensional re-
duction of the five-dimensional Lovelock-Cartan theory
introduced in Ref. [39], under the assumption that the
9compact dimension has S1 topology. An interesting fea-
ture of these theories is that, unlike the Einstein-Cartan
theory, torsion is allowed to propagate.
Although there are several generalizations of gravita-
tional models which include higher-order terms in curva-
ture and torsion—in either four or higher dimensions [31–
33]— we highlight that in our model the presence of
higher-order terms in torsion are introduced through the
Gauss-Bonnet term, accompanied by a sole extra cou-
pling constant. Moreover, Lovelock-Cartan gravity en-
sures that the field equations are first-order equations
(since the Lagrangian can be written without the use of
the Hodge dual), which is not the case in most gravita-
tional models with higher order-curvature and torsion.
In the generic reduction, the effective theory has a
spin-2 particle, a spin-1 U(1) gauge boson, and a spin-
0 scalar particle coming from the decomposition of the
metric, while the decomposition of the spin connection
introduces three extra fields: two spin-1 particles, αab
and γa, and the 1-form βa yields a new spin-2 particle,
a spin-1 particle, and a spin-0 particle. These new fields
do not transform under the gauge group (see Sec. II C).
We used the most general ansatz compatible with the
cosmological symmetries (see Appendix B) to find so-
lutions of the Friedmann-Robertson-Walker class in the
four-dimensional theory. Though we restrict ourselves to
the class of theories with ∆ > 0, in Ref. [46] the case
of negative ∆ is considered (without torsion). The field
equations for the cosmological ansatz ensure that the so-
lutions with nontrivial torsion have vanishing αab and
βa. The solutions are parametrized by u±, related to the
fundamental couplings of the theory through Eq. (46),
and exhibit three different sectors depending on whether
this parameter is positive, negative, or zero. The behav-
ior of the universes described by our solutions is fourfold:
(i) eternal expansion, (ii) eternal contraction, (iii) initial
expansion with asymptotic contraction, and (iv) bounc-
ing.
Among the different cases, there are some solutions
that do not start from an initial singularity; however,
this is not the generic behavior. Moreover, all of our
cosmological solutions are free of the future singularities
categorized in Ref. [52]. In addition, the size of the ex-
tra dimension is driven by the scalar field φ(t) and its
behavior at late times is compatible with a dynamical
mechanism for compactification, at certain regions of the
parameter space (see Figs. 6 and 8). Another interesting
feature is that in all of our cosmological scenarios, the
scale factor does not depend on the k parameter which
modulates the metric structure.
The field equation (23) admits the interpretation of
the Einstein equations, where the energy-momentum 3-
form is induced by the torsion and the extradimensional
degrees of freedom. It is important to mention that the
induced energy-momentum form is nonstandard, in the
sense that it inherits a coupling between matter and cur-
vature [see Eq. (54) for the definition]. Moreover, the
energy density and the pressure are not positive definite,
providing a playground for a gravitational explanation
for the accelerated expansion of the Universe.
As we can see from Eq. (B5), f corresponds to the com-
pletely antisymmetric part of torsion. Its solution given
in Eq. (52) shows that it can be imaginary for certain
periods of time. Additionally, it is the only function sen-
sitive to the value of k. Thus, if a reality condition is im-
posed over f for certain values of the coupling constants,
it would provide a distinction criteria among open, flat,
and closed universes. In the light of this, and given the
experimental evidence supporting the flatness of the Uni-
verse (see Ref. [53]), we restrict the discussion to the case
where k = 0.6 A reality condition over f in Eq. (52) is
satisfied within the region
3α1 ±
√
6∆ ≥ 0 and α2 > 0,
or, 3α1 ±
√
6∆ ≤ 0 and α2 < 0.
This should be taken into account to restrict the param-
eter region studied in Sec. IV B. A similar behavior for
this function was found in Ref. [54]. Notice that the anti-
symmetric part of torsion is unseen by classical particles
following geodesics and it does not couple minimally to
spin-0 or spin-1 bosons. However, it appears as an effec-
tive interaction term for the Dirac Lagrangian in space-
times with torsion [30]
LInt = − i
8
TαµνΨ¯Γ
αµνΨ =
3
2
fΨ¯Γ0Γ5Ψ,
which couples to the fermionic axial current. For imagi-
nary values of f(t), the authors in Ref. [54] argued that
the loss of unitarity and the violation of the current con-
servation can be interpreted as particle creation.
The vacuum cosmological solutions presented here pro-
vide a useful arena to isolate the effects of the induced
fields and probe their consequences in physically impor-
tant scenarios. In that sense, and since they are absent
in the cosmological ansatz, a four-dimensional isotropic
configuration might contribute to interpret the αab and
βa fields as gravitational hairs in black-hole solutions, or
wormhole-supporting matter.
The gravitational principles we take for granted can be
relaxed to construct a logically consistent theory. This
approach might provide an explanation for the phenom-
ena at the limit of the current understanding of the Uni-
verse, such as its content and evolution. This work shows
that the renouncing of the metric description of gravity,
attached to a higher-dimensional spacetime, can radically
affect the way we perceive the gravitational degrees of
freedom and, therefore, what our measurements read as
the energy content of the Universe.
6 The cases where k = ±1 can be studied analogously.
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Appendix A: Riemann-Cartan Geometry
In Riemann-Cartan geometry, both the vielbein eA and
the spin connection ωAB are independent features of the
manifold.7 The spin connection can be decomposed in a
Riemannian part, which is metric dependent, ω˜AB sat-
isfying D˜eA = 0, and a contorsion piece κAB = −κBA,
such that
ωAB = ω˜AB + κAB . (A1)
Therefore, the torsion 2-form defined as the covariant
derivative of the vielbein with respect to the total spin
connection, is
TA = κAB ∧ eB . (A2)
On the other hand, the curvature 2-form also suffers cor-
rections with respect to the Riemannian one, due to the
presence of torsional degrees of freedom. This can be
seen explicitly by taking the definition of curvature in
Eq. (10) and (A1) to find
RAB = R˜AB + D˜κAB + κAC ∧ κCB , (A3)
where R˜AB is the Riemannian curvature constructed
with ω˜AB .
Appendix B: Isotropic-Homogeneus Ansatz
The cosmological principle demands the spatial sec-
tion of spacetime to be isotropic and homogeneous. This
means that the fields involved in the model must be com-
patible with this assumption. A spacetime is isotropic
with respect to certain point P if after a rotation with
respect to an axis passing through P , all the geometrical
properties remain invariant. Thus, the spacetime looks
the same in all directions. Homogeneity is understood
such that the spacetime looks the same from every point
7 Here, we will drop the hats since we will not deal with the KK
decomposition.
P . These two assumptions are translated in the Killing
equations, which are the vanishing of the Lie derivatives
of the fields along the vectors which generate the sym-
metries {ζλi }.
The set of Killing vectors {ζλi } are the generators of
SO(3), which generate the spatial rotations in three di-
mensions, Ji = ijkxj∂k, and the Killing vectors associ-
ated with spatial translations Pi =
√
1− kr2∂i, satisfy-
ing the algebra
[Ji,Jj ] = ijkJk,
[Pi,Pj ] = −kijkJk,
[Ji,Pj ] = ijkPk.
In particular the Killing equations for the metric tensor
and the torsion tensor are
£igµν = ζλi ∂λgµν + gλν∂µζ
λ
i + gµλ∂νζ
λ
i = 0, (B1)
£iTαµν = ζ
λ
i ∂λT
α
µν − Tλµν∂λζαi + Tαλν∂µζλi
+ Tαµλ∂νζ
λ
i = 0, (B2)
where Tαµν are the components of the torsion 2-form de-
fined by T a = 12e
a
αT
α
µνdx
µ ∧ dxν . The same must hold
for the new fields
£iAµ = ζλi ∂λAµ +Aλ∂µζ
λ
i = 0, (B3)
£iφ = ζλi ∂λφ = 0, (B4)
and also for the components of αµν = −ανµ, βµν and γµ,
defined such that
αab = EaµEbναµν ,
βa = Eaµβµνdx
ν ,
γa = Eaµγµ,
and whose Killing equations are analogous to the tenso-
rial, Eq. (B1), and vectorial one, Eq. (B3). These require-
ments on the fields are translated to a set of first-order
differential equations whose most general solution deter-
mines our ansatz structure for Eqs. (32)–(39).
The components of the Lorentz curvature and torsion
for the isotropic-homogeneus ansatz are
R0i = (ω˙ +Hω) e0 ∧ ei + fωijk ej ∧ ek,
Rij =
(
ω2 + ka2 − f2
)
ei ∧ ej −
(
f˙ +Hf
)
ijk e
0 ∧ ek,
and
T 0 = 0, T i = −h e0 ∧ ei + fijk ej ∧ ek, (B5)
respectively. The functions a(t), ω(t), f(t), h(t), and
H(t) were defined in Sec. IV.
Appendix C: Time dependence on the solutions
We supply here the time-dependent expressions for the
cosmological solutions, given the different values of u±, in
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terms of the dimensionless parameter τ =
√|u±|(t− t0).
For u± > 0,
γ(t) = −√u± cot τ, (C1)
φ(t) = φ0 sin
2 τ exp
[
∓√6∆
4α2u±
cos2 τ
]
, (C2)
a(t) = a0√u± |cos τ |exp
[
±√6∆
24α2u±
cos2 τ
]
, (C3)
f2(t) = u± ka20 sec
2 τ exp
[
∓√6∆
12α2u±
cos2 τ
]
+ u± tan2 τ + 3α1±
√
6∆
6α2
. (C4)
For u± = 0,
γ(t) = 0, (C5)
φ(t) = φ0 exp
[
∓√6∆
4α2
(t− t0)2
]
, (C6)
a(t) = a0|t− t0|exp
[
±√6∆
24α2
(t− t0)2
]
, (C7)
f2(t) = k
a20(t−t0)2 exp
[
∓√6∆
12α2
(t− t0)2
]
+ (t− t0)−2 + 3α1±
√
6∆
6α2
. (C8)
For u± < 0,
γ(t) = −√−u± coth τ, (C9)
φ(t) = φ0 sinh
2 τ exp
[
∓√6∆
4α2u±
cosh2 τ
]
, (C10)
a(t) = a0√−u± cosh τ exp
[
±√6∆
24α2u±
cosh2 τ
]
, (C11)
f2(t) = −u± ka20 cosh
−2 τ exp
[
∓√6∆
12α2u±
cosh2 τ
]
− u± tanh2 τ + 3α1±
√
6∆
6α2
. (C12)
[1] C. M. Will, Living Rev. Rel. 17, 4 (2014).
[2] B. P. Abbott et al. (Virgo, LIGO Scientific), Phys.
Rev. Lett. 116, 061102 (2016), arXiv:1602.03837 [gr-qc];
Phys. Rev. Lett. 116, 241103 (2016), arXiv:1606.04855
[gr-qc].
[3] D. M. Wittman, J. A. Tyson, D. Kirkman,
I. Dell’Antonio, and G. Bernstein, Nature 405,
143 (2000), arXiv:astro-ph/0003014 [astro-ph].
[4] Y. Sofue and V. Rubin, Ann. Rev. Astron. Astrophys.
39, 137 (2001), arXiv:astro-ph/0010594 [astro-ph].
[5] A. Del Popolo, Astron. Rep. 51, 169 (2007),
arXiv:0801.1091 [astro-ph].
[6] A. G. Riess et al. (Supernova Search Team), Astron. J.
116, 1009 (1998), arXiv:astro-ph/9805201 [astro-ph].
[7] T. Kaluza, Sitzungsber. Preuss. Akad. Wiss. Berlin
(Math. Phys.) 1921, 966 (1921); O. Klein, Z. Phys. 37,
895 (1926).
[8] D. Z. Freedman and A. Van Proeyen, Supergravity (Cam-
bridge University Press, 2012).
[9] M. B. Green, J. H. Schwarz, and E. Witten, Super-
string Theory, Vol. 1: Introduction (Cambridge Uni-
versity Press, 1988); Superstring Theory, Vol. 2: Loop
Amplitudes, Anomalies and Phenomenology (Cambridge
University Press, 1988).
[10] N. Arkani-Hamed, S. Dimopoulos, and G. Dvali, Phys.
Lett. B 429, 263 (1998), arXiv:hep-ph/9803315 [hep-
ph]; I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos,
and G. Dvali, Phys. Lett. B 436, 257 (1998), arXiv:hep-
ph/9804398 [hep-ph].
[11] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370
(1999), arXiv:hep-ph/9905221 [hep-ph]; Phys. Rev. Lett.
83, 4690 (1999), arXiv:hep-th/9906064 [hep-th].
[12] C. Lanczos, Annals Math. 39, 842 (1938); D. Lovelock,
J. Math. Phys. 12, 498 (1971).
[13] B. Zumino, Phys. Rep. 137, 109 (1986).
[14] M. Henneaux, C. Teitelboim, and J. Zanelli, Nucl. Phys.
B 332, 169 (1990).
[15] G. J. Olmo, Int. J. Mod. Phys. D 20, 413 (2011),
arXiv:1101.3864 [gr-qc].
[16] R. Aros, M. Contreras, R. Olea, R. Troncoso, and
J. Zanelli, Phys. Rev. Lett. 84, 1647 (2000), arXiv:gr-
qc/9909015 [gr-qc].
[17] O. Miskovicˇ and R. Olea, Phys. Rev. D 79, 124020
(2009), arXiv:0902.2082 [hep-th].
[18] B. Zwiebach, Phys. Lett. B 156, 315 (1985).
[19] G. Dotti, J. Oliva, and R. Troncoso, Phys. Rev. D
75, 024002 (2007), arXiv:hep-th/0607062 [hep-th]; Phys.
Rev. D 76, 064038 (2007), arXiv:0706.1830 [hep-th].
[20] M. R. Mehdizadeh, M. K. Zangeneh, and F. S. N. Lobo,
Phys. Rev. D 91, 084004 (2015), arXiv:1501.04773 [gr-
qc].
[21] M. R. Mehdizadeh, M. K. Zangeneh, and F. S. N. Lobo,
Phys. Rev. D 92, 044022 (2015), arXiv:1506.03427 [gr-
qc].
[22] F. Canfora and A. Giacomini, Phys. Rev. D 78, 084034
(2008), arXiv:0808.1597 [hep-th].
[23] F. Mueller-Hoissen, Phys. Lett. B 163, 106 (1985); Nucl.
Phys. B 337, 709 (1990).
[24] F. Mueller-Hoissen, Class. Quant. Grav. 3, 665 (1986).
[25] N. Deruelle and J. Madore, Origin and Early History of
the Universe; Proceedings of the 26th Liege International
Astrophysical Colloquium, Liege, Belgium, July 1–4, Uni-
versite de Liege, Cointe-Ougree, Belgium, (A88-14376 03-
90) pp. 277–282 (1986).
[26] N. Deruelle and L. Farina-Busto, Phys. Rev. 41, 3696
(1990).
[27] E. Cartan, C. R. Acad. Sci. (Paris) 174, 593 (1922); An-
nales scientifiques de l’E´cole Normale Supe´rieure 41, 1
(1924); Ann. Ec. Norm., 42, 17 (1925).
[28] T. W. B. Kibble, J. Math. Phys. 2, 212 (1961).
[29] D. W. Sciama, Recent Developments in General Relativ-
ity, Pergamon, Oxford , 415 (1962).
[30] F. W. Hehl, P. Von Der Heyde, G. D. Kerlick, and J. M.
Nester, Rev. Mod. Phys. 48, 393 (1976).
[31] P. Baekler and F. W. Hehl, Class. Quant. Grav. 28,
215017 (2011), arXiv:1105.3504 [gr-qc].
[32] S. Vignolo, L. Fabbri, and C. Stornaiolo, Annalen Phys.
12
524, 826 (2012), arXiv:1201.0286 [gr-qc].
[33] D. Puetzfeld, New Astron. Rev. 49, 59 (2005), arXiv:gr-
qc/0404119 [gr-qc].
[34] M. W. Kalinowski, Int. J. Theor. Phys. 20, 563 (1981).
[35] K. H. Shankar, A. Balaraman, and K. C. Wali, Phys.
Rev. D 86, 024007 (2012), arXiv:1203.5552 [gr-qc].
[36] S. Chen and J. Jing, JCAP 0909, 001 (2009),
arXiv:0905.0302 [gr-qc].
[37] G. German, A. Macias, and O. Obregon, Class. Quant.
Grav. 10, 1045 (1993).
[38] R. Aros, M. Romo, and N. Zamorano, J. Phys. Conf.
Ser. 134, 012013 (2008), arXiv:0705.1162 [hep-th].
[39] A. Mardones and J. Zanelli, Class. Quant. Grav. 8, 1545
(1991).
[40] F. Canfora, A. Giacomini, and S. Willison, Phys. Rev.
D 76, 044021 (2007), arXiv:0706.2891 [gr-qc].
[41] M. Hassaine and J. Zanelli, Chern–Simons (Su-
per)Gravity (World Scientific Publishing, 2016); R. Tron-
coso and J. Zanelli, Class. Quant. Grav. 17, 4451 (2000),
arXiv:hep-th/9907109 [hep-th].
[42] M. Ban˜ados, Phys. Lett. B 579, 13 (2004), arXiv:hep-
th/0310160 [hep-th].
[43] M. Ban˜ados, R. Olea, and S. Theisen, JHEP 10, 067
(2005), arXiv:hep-th/0509179 [hep-th].
[44] M. Ban˜ados, O. Miskovicˇ, and S. Theisen, JHEP 06, 025
(2006), arXiv:hep-th/0604148 [hep-th].
[45] F. Canfora, A. Giacomini, and S. A. Pavluchenko, Phys.
Rev. D 88, 064044 (2013), arXiv:1308.1896 [gr-qc].
[46] F. Canfora, A. Giacomini, and S. A. Pavluchenko, Gen.
Rel. Grav. 46, 1805 (2014), arXiv:1409.2637 [gr-qc].
[47] N. Deruelle and J. Madore, (2003), arXiv:gr-qc/0305004
[gr-qc].
[48] A. B. Henriques, Nucl. Phys. B 277, 621 (1986); H. Ishi-
hara, Phys. Lett. B 179, 217 (1986).
[49] K. Kleidis and D. B. Papadopoulos, J. Math. Phys. 38,
3189 (1997).
[50] F. Canfora, A. Giacomini, S. A. Pavluchenko, and
A. Toporensky, (2016), arXiv:1605.00041 [gr-qc].
[51] R.-G. Cai and N. Ohta, Phys. Rev. D 74, 064001 (2006),
arXiv:hep-th/0604088 [hep-th].
[52] F. Shojai, A. Shojai, and M. Sanati, Eur. Phys.
J. C 75 (2015), 10.1140/epjc/s10052-015-3796-8,
arXiv:1507.02512 [gr-qc].
[53] D. N. Spergel et al. (WMAP), Astrophys. J. Suppl. 170,
377 (2007), arXiv:astro-ph/0603449 [astro-ph].
[54] A. Toloza and J. Zanelli, Class. Quant. Grav. 30, 135003
(2013), arXiv:1301.0821 [gr-qc].
